We perform first-principles calculations of the band and k-point resolved superconducting gap of Pb in the framework of the density functional theory for superconductors. Without any adjustable parameter or assuption different from s-wave symmetry, we find two different values of the gap on the two sheets of the Fermi surface, which can be related to the different electron-phonon couplings characterizing the electronic states in the corresponding bands. These, in turn, derive from the different orbital character of the electronic states. We also find some intraband gap anisotropy in each Fermi surface sheet. Our calculated gap, critical temperature and total anisotropy of the gap are in good agreement with tunneling experiments. We estimate an Ϸ8% enhancement of T c coming from the gap anisotropy. However, the experimentally found T 3 temperature dependence of the specific heat cannot be found within our assumed anisotropic s-wave gap symmetry.
I. INTRODUCTION
The possibility of multiband superconductivity was discussed 1 already a few years after the formulation of the Bardeen-Cooper-Schrieffer ͑BCS͒ theory 2 and later reported in several experimental papers. [3] [4] [5] Moreover, the dependence of the superconducting ͑SC͒ gap on the direction in k-space was analyzed for different materials, like Pb ͑Refs. 6-8͒ and Sn. 9 The recent discovery of two-gap superconductivity ͑TGSC͒ in MgB 2 brought this problem back to the attention of the scientific community. Theoretical and experimental investigations on MgB 2 have emphasized how important the presence of multiple gaps can be to enhance the critical temperature T c of a specific material. Theoretical estimates have in fact shown that retaining the information about the , band dependence of the electron-phonon interaction in MgB 2 greatly enhances the calculated T c , relative to an averaged, single-band, calculation. [10] [11] [12] [13] Of crucial importance is the question: How and when does multigap superconductivity increase T c ? In this context, it is very interesting to investigate the gap anisotropy in different materials showing this peculiarity. Pb is such a material: the unconventional aspects of its superconductivity, relative to BCS, have been discussed in several papers. [6] [7] [8] 14, 15, [30] [31] [32] In particular, two separated SC gaps have been found experimentally 14, 15 and investigated theoretically. 6, 7 Very recently, an approach to superconductivity, based on density functional theory ͑SCDFT͒ 16, 17 has been able, in a completely parameter-free fashion, to describe successfully the superconducting properties of several materials, ranging from weak and intermediate to the strong coupling regime 13, 16, 17 and from ambient to high pressure conditions. 18, 19 Unlike within Eliashberg theory, the Coulomb interaction is included in the calculation on the same footing as the electron-phonon interaction. This proved to be very important in MgB 2 , where a band resolved treatment of the Coulomb repulsion resulted to be crucial to reproduce the T c of this material from first principles. 13 These considerations show that a theory with a predictive character as SCDFT, retaining the full band dependence and anisotropy of the SC gap, can prove to be very useful to study TGSC.
In this work, we use a fully ͑n , k͒-resolved formalism within SCDFT and calculate from first principles the SC properties. Although a generalization to general symmetry is possible, our present formulation still assumes an anisotropic s symmetry for the order parameter. Within this approach all the features of the SC gap emerge naturally, without any a priori, material specific, physical model and without adjusting any parameter. Our results confirm the experimental finding that Pb is a two band superconductor. The calculated gaps, their overall anisotropy, and the T c result in good agreement with experiments reported in Refs. 14 and 15 and with previous calculations. 6, 7 A T c enhancement of Ϸ8% can be directly related to a gap anisotropy ͉⌬ 2 − ⌬ 1 ͉ / ⌬ iso Ϸ 20%, much smaller than that of MgB 2 . Here ⌬ 1 , ⌬ 2 are the averaged gap inside each band and ⌬ iso is the average gap resulting from an isotropic interaction. The ratios 2⌬ 1,2 / K B T c are in very good agreement with the corresponding experimental values. Moreover, anisotropy slightly changes the temperature dependence of the electronic specific heat, but cannot reconcile the calculations with the T 3 dependence reported experimentally ͑Ref. 31͒. The existence of the two gaps and their intraband anisotropy are related to the corresponding anisotropy of the electron-phonon ͑e-ph͒ coupling in the two bands crossing the Fermi level, which strongly correlates with the s and d character of the bands.
The paper is organized as follows: In Sec. II we summarize the main features of the SCDFT. In Sec. III we describe the computational details of our calculation. Our main results are presented and analyzed in Sec. IV, and finally in Sec. V, we draw our conclusions.
II. DENSITY FUNCTIONAL THEORY FOR SUPERCONDUCTORS
The central result of the SCDFT is the generalized gap equation
In this self-consistent equation, n and k are, respectively, the electronic band index and the Bloch wave vector; ⌬ nk represents the SC gap function; ␤ is the inverse temperature; e-e contains the matrix elements of the screened Coulomb repulsion. Equation ͑1͒ has the same structure as the BCS gap equation, with the kernel K replacing the model interaction of BCS theory. This similarity allows us to interpret K as an effective interaction, responsible for the binding of the Cooper pairs. Finally, the universal diagonal ͑and temperature dependent͒ term Z nk plays a similar role as the renormalization term in the Eliashberg equations. We emphasize that Eq. ͑1͒ is not a mean-field equation ͑as in BCS theory͒, since it contains correlation effects via the SC exchange-correlation ͑xc͒ functional entering K and Z. Furthermore, it has the form of a static equation-i.e., it does not depend explicitly on the frequency-and therefore has a simpler structure ͑and computationally more manageable͒ than the Eliashberg equations. However, this certainly does not imply that retardation effects are absent from the theory. Once again, retardation effects enter through the xc functional, as explained in Refs. 16 and 17. An important point of our approach is the capability of including the Coulomb repulsion ab initio, without any adjustable parameter. So far, 13, [16] [17] [18] [19] we used a Thomas-Fermi approximation for screening the e-e repulsion. In this paper we use the static dielectric matrix, within the RPA ͑Ref. 20͒. Our results show a good agreement between the RPA and Thomas-Fermi results, consistent with the s-p nature of valence states of Pb.
III. COMPUTATIONAL DETAILS
The solution of Eq. ͑1͒ requests the preliminary calculation of the normal state band structure nk of the material, the phonon spectrum q , and the e-ph and Coulomb matrix elements ͑ME͒ with respect to the Bloch functions. As the accuracy of the calculated density of states at the Fermi level is crucial in the formalism, band structure calculations were performed within the all-electron FLAPW method 21 at the experimental lattice constant ͑a = 9.35 a.u.͒. The phonon spectrum and the e-ph ME were calculated at the LDA theoretical lattice constant ͑a = 9.03 a.u.͒ by density functional perturbation theory, 22 within the plane-wave-pseudopotential method. 23 We made use of a norm conserving pseudopotential, including the scalar-relativistic correction. 24 An energy cutoff of 32 Ry and a 26 3 Monkhorst-Pack k-point mesh were sufficient to achieve a very good convergence of the phonon spectrum, e-ph coupling and SC gap. Our calculated phonon spectrum is almost identical to the results of previous calculations. 25 Moreover, we find a good agreement with available experiments, 26 although a small but not negligible overestimate of the calculated frequencies is present, in particular around the X point and along the XK symmetry line of the Brillouin zone. 25, 28 This effect significantly affects the value of our calculated total e-ph . We will comment on this point later. The phonon calculations at the experimental lattice constant strongly underestimate the phonon frequencies. This fact motivates our choice to calculate the spectrum at the theoretical lattice constant, since the values of the SC gap and T c are extremely sensitive ͑via the e-ph coupling͒ to the phonon spectrum. We calculated the phonon frequencies on a regular mesh of 8 3 q points, after verifying, against denser mesh, that this grid was sufficient to capture all features of the SC gap. We included the RPA screened Coulomb ME, calculated on a mesh of 9 3 ϫ 9 3 k and kЈ points. We solved the SCDFT gap equation in two cases: ͑i͒ including the full ͑n , k͒-resolved e-ph ME ͉g k,k Ј , nnЈ ͉ 2 and ͑ii͒ including only their average on the Fermi surface, through the Eliashberg function ␣ 2 F͑͒. The SC gap function is extremely peaked around the Fermi surface, whereas at higher energies it is rather smooth ͑and negative, due to the e-e interaction͒. This implies that a converged solution of Eq. ͑1͒ needs a denser k-points sampling around E F , and coarser elsewhere. This highly nonuniform mesh of the BZ is realized with 6 ϫ 10 3 and 500 independent k points for bands crossing and not crossing the Fermi level, respectively. Finally, 15-20 self-consistent iterations were sufficient to achieve a complete convergence of the gap.
IV. RESULTS
The set of black points in Fig. 1 shows the gap at T = 0 K, as a function of the energy distance from the Fermi level E F . An important feature of the plot is that for each energy the gap is not a single-valued function. This means that, in general, the SC gap is not isotropic in the reciprocal space, i.e., for = E F its value depends on the Fermi vector k F . In particular, for each Ϸ E F we observe two distinct "sets" of gaps, in strict analogy with the case of MgB 2 ͑see, for comparison, Fig. 1 in Ref. 13͒. Moreover, each "set" has an associated, finite, vertical energy spread. In Fig. 2͑a͒ we plot the Fermi surface ͑FS͒ of lead. It consists of two sheets, coming from the two ͑essentially p͒ bands crossing E F . The sheets are topologically quite different, the first one being rather spherical, the second having a more complex tubularlike structure. The colors in Fig. 2͑a͒ represent the values of ⌬ nk F . It is clear that the two distinct sets of ⌬ in Fig. 1 come from the two sheets of the Fermi surface. Figure 1 shows that their energy separation is in excellent agreement with the experiments, 14,15 although our calculated gap values are slightly underestimated.
We should comment here on this difference, related to the calculation of the e-ph coupling. We obtained = 1.3, to be compared with EXP = 1.55 as measured by tunneling experiments. 27 As already mentioned, our underestimate value of is mostly related to the overestimate of the phonon frequencies along the XK symmetry line in the BZ. This leads to an upward shift of the two peaks in the Pb Eliashberg function ͑not shown͒. This shift ͑present, in the transverse branch, in all previous works 25, 28, 29 ͒ has been related 28, 29 to the absence of the spin-orbit coupling effect in the calculation. In our results the shift of the phonon frequencies relative to the experiment 26 is Ϸ5 cm −1 in all the three branches. Unfortunately, the calculation of the electronphonon coupling within a fully relativistic approach is not easy and, to our knowledge, has not been achieved so far. In any case, our = 1.3 compares very well with other theoretical estimates ͑Carbotte et al., = 1.32; 7 Liu et al., = 1.2͒, 28 although it is quite distant from Savrasov et al. = 1.68. 29 Our previous results of Ref. 17 used the ␣ 2 F͑͒ of Ref. 29 . We stress that because of the absence in our calculation of adjustable parameters, any error in the calculation of ͑due to inaccuracies of the phonon spectrum or of the e-ph ME themselves͒ shows up dramatically in the superconducting properties, due the intrinsically exponential dependence of T c on the couplings. Within Eliashberg theory, on the other hand, different values are normally adjusted by changing * . Figure 2͑a͒ also shows that ⌬ nk is anisotropic inside each single sheet, resulting in the vertical energy spread mentioned before ͑intraband gap anisotropy͒. Continuing our analysis, in Fig. 2͑b͒ we plot the e-ph coupling nk F on the FS, where
is the average of all the possible e-ph scattering processes connecting two points at FS, but always involving the electronic initial state ͑n , k͒. The total e-ph coupling constant can be expressed as = Fig. 2͑a͒ and Fig. 2͑b͒ we notice a striking similarity, that indicates a strong correlation between the n dependence and k anisotropy of the e-ph coupling and of the gap. Moreover, our calculations show that the gap anisotropy is due to the e-ph coupling only: the open gray ͑orange, color online͒ symbols in Fig. 1 . It is clear that the e-ph average washes out all the band and direction dependence of the gap ͓i.e., ⌬ nk = ⌬͑ nk ͔͒. We note in passing that the two calculations are fully consistent in that the gap from the averaged e-ph coupling is very close to the DOS-weighted average of the anisotropic ⌬ nk on the two FS sheets.
The different e-ph coupling in the two sheets, 1k F = 0.8-1.1, 2k F = 1.24-1.7, is related to the slightly different character of the corresponding two bands ͑see Fig. 3͒ . While the "spherical" sheet has a mixed s-p character, the tubular one is more p-d-like. Moreover, comparing Fig. 2͑a͒ with Fig. 3 we notice a striking correlation between d-character ͑s character͒ and higher ͑lower͒ gap values. These results are reminiscent of our previous calculations on Li an K under pressure, 18, 19 where we found that more localized electronic states are more coupled with the ionic system, producing a correspondingly higher SC gap.
Equation ͑1͒ allows to calculate ⌬ nk as a function of temperature T, defining T c from the condition that ⌬ nk ͑T c ͒ =0. Figure 4͑a͒ shows the two ͑intraband averaged͒ gaps at E F as a function of T. We obtain T c = 5.25 K and T c = 4.84 K for the anisotropic and average calculation, respectively. The full consistence between the two calculations allows us to draw conclusions from the comparison of results. In fact, we see that the weighted average of the ⌬ values on the two bands nearly coincides at T = 0 K with the result obtained averaging the k dependence of e-ph couplings. We see that, although certainly not in a proportion comparable with MgB 2 , the presence of an anisotropic, multiband gap produces an 8% enhancement of the value of T c . Clearly, in MgB 2 this effect is crucial, [10] [11] [12] [13] whereas here it is much smaller. This is partially due to the much lower difference in e-ph coupling between the two bands and the resulting values of the gaps ͑in MgB 2 the coupling in the bands is roughly 3 times higher than in the bands͒. An interesting question is under which conditions does a system show multiband superconductivity, i.e., with a clear separation between the gaps. Looking again at the nk F we see that in Pb the two sets corresponding to the two bands crossing E F are not contiguous, i.e., the values of 1k F and 2k F do not superimpose. In order to check whether the presence of two separate gaps is related directly to this property of the nk F , we performed several model calculations, rescaling the e-ph ME, in order to have a continuous set of nk F and keeping constant the value of the total, average . It turned out that the two SC gaps ⌬ nk F get contiguous exactly when the two set of nk F do, independently of the details of how the coupling were modified to bring the nk F to merge. Leaving open the question on whether or not this coincidence is a general feature, we conclude that Pb is a two gap system due to the fact that nk F are disjoint sets ͑relative to the band n͒. In particular, as already pointed out, the Coulomb repulsion does not seem to play an important role in both the interband and intraband anisotropy of the gap.
In order to analyze further our results, it is interesting to plot our data and the experimental values normalized to its own T c , in such a way as to immediately compare in the ordinate with the value of 2⌬ / K B T c = 3.52 predicted by BCS theory. We first notice that both gaps yeld 2⌬ / K B T c Ͼ 3.52, in agreement with the strong coupling nature of Pb. We also notice that the full account of anisotropy gives the 2⌬ 1,2 / K B T c ratios in very good agreement with the experimental values.
Finally, we calculated the electronic specific heat in the SC state C es , as a function of temperature. According to experiments, C es follows a T 3 law for T Ͻ 1.5 K ͑Ref. 31͒, and for 1 K Ͻ T Ͻ 4 K, 30 instead of a BCS-exponential law. Several attempts to explain this anomaly can be found in the literature, focusing on the role of the gap anisotropy, 31 and its relation to the existence of a spin-density wave. 32 In Fig. 5 we present our calculated C es in both the isotropic and anisotropic case: Although we do not find a T 3 law for T Ͻ 1.5 K in the anisotropic case ͑our SC gap does not have nodes on the FS͒, the anisotropy produces a deviation ͑in the direction of experiments͒ from the BCS-like plot, starting from T Ϸ 4 K. Our calculations agree fairly well with the measurements in dirty samples. However, considering that the calculated gap anisotropy is comparable to the experimental one, we conclude that the gap anisotropy is not sufficient to explain the experimental C es anomaly, at least with our assumed anisotropic s symmetry. 
V. CONCLUSIONS
In this paper we report first-principles calculations of the superconducting gap of Pb, using the density functional theory for superconductors within a ͑n , k͒-resolved approach. Without assuming any ad-hoc model or adjustable parameter, we find that Pb is a two-gap material, in agreement with available experiments and previous theoretical results based on other methods. We show that the n and k gap anisotropy and the separation of the two gaps correlate strongly with the anisotropy of the electron-phonon interaction, and that the latter is connected with the wave function characters on the different sheets of the Fermi surface. The multigap character produces an enhancement of T c relative to the isotropic case, although this effect is not so dramatic as in MgB 2 . Finally, we calculated the specific heat, discussing its temperature dependence compared to the experiments. The experimental T 3 behavior cannot be found within our approach. 
